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Introduction 


In this, the final unit of the course, we show how the theory of topological 
spaces is used to great effect in the study of fractals, an area where there is 
much current interest and research activity. You have probably seen 
computer-generated pictures of fractals and may even have produced such 
pictures yourself. One picture you may have seen is the von Koch 
snowflake (Figure 0.1). 


There is no standard definition of a fractal, but there are certain 

characteristics that we expect a fractal to have. The von Koch snowflake is 

typical of many fractals in the following ways: 

b it has a fine structure — the closer you look at it, the more detail you 
see; 

b it has some degree of self-similarity — the same patterns keep 
appearing; 


> it is difficult to describe in terms of classical geometry. eS ene 


Despite having an intricate structure, many fractals can be defined very Figure 0.1 
simply. In this unit we use the Contraction Mapping Theorem of Unit C4 Unit C4, Section 3. 
to generate a large class of fractals, including the von Koch snowflake. 


We also look at the dimensions of fractals. Many fractals cannot be 
described adequately in terms of the usual integer-valued definitions of 
dimension. For example, the von Koch snowflake does not have finite 
length (suggesting that it has dimension greater than 1) and has zero area 
(suggesting that it has dimension less than 2). We introduce a definition of 
dimension that gives a good indication of the ‘size’ of many fractals, but 
which can take non-integer values. 


Study guide 


In Section 1, Examples of fractals, we look at some well-known examples of 
fractals and investigate their properties. You need to become familiar with 
these examples since they appear throughout the unit. 


In Section 2, Using the Contraction Mapping Theorem, you will see how 
the Contraction Mapping Theorem gives a method for generating a large 
class of fractals. This is the longest section of the unit, and you may wish 
to spend more than one study session on it. Section 2.4 is not assessed. 


In Section 3, Dimensions of fractals, we show a way of defining the 
dimension of a fractal. 


There is software associated with this unit. It enables you to generate 
pictures of fractals by using the ideas introduced in Section 2, and you will 
be able to use it at any time after studying this section. 


1 Examples of fractals 


In this section we look at some well-known examples of fractals. By 
studying their properties, you should get a feeling for the characteristics 
that are typical of fractals in general. 


1.1 Cantor sets 


We begin by looking at a class of fractals known as Cantor sets. These are 
subsets of the real line that are obtained by systematically removing open 
intervals from a closed interval, to obtain a compact, totally disconnected 
set. The best-known of these is the middle-third Cantor set that you met 
earlier (see Figure 1.1). 


Figure 1.1 Middle-third Cantor set 


You may recall that we obtain the middle-third Cantor set by a simple 
recursive procedure. We begin with the line segment Ko = (0, 1]. 


0 1 
eee Ko 


Figure 1.2 


We then remove the open middle-third of Ko — the open interval (1, 2) — 
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leaving a set K, made up of two closed intervals, each of length one-third. 
So 


1 2 
0 3 3 1 
—— — — o — VO—ç0—— E 
Figure 1.3 


We then apply the same procedure to each of the two line segments in K, 
to give the set 


Ke = (0,3) U2, Hu 6,20. 


Figure 1.4 


Unit C2, Example 3.2. 


This explains the name 
middle-third Cantor set. 


Q 


We continue in this way, constructing a set K, for each n € N. Thus K, is 
formed by removing the open middle-third of each line segment in K,_1. 
The set K,, consists of 2” closed intervals, each with length = 


The middle-third Cantor set is the intersection of the sets Kn. We denote You will see that many 
this set by fractals can be defined by a 
similar recursive method. 


Ko= E 
neN 
0 3 3 
Ko 
Kı 
— — — Kə 
-- -- -- -- -- -- -- -- Kn 
, l ; 
o Ke 
Figure 1.5 


Each set A, is closed and bounded, and hence compact. Since K,,41 C Kn 

for each n € N, the Cantor set Kc is the intersection of a nested sequence 

of non-empty compact sets and is therefore non-empty and compact. In Unit C2, Theorem 3.10. 

fact, Kc contains the endpoints of each of the 2” line segments forming 

Ko, for each n € N, since none of these endpoints is removed in the 

recursive procedure. Thus Kc is an infinite set. In fact, Kc contains 
uncountably many points. 


Problem 1.1 


For each n € N, calculate the total length L,, of the line segments that 
form K,,, and find lim, əx, In. 


Since Kc is a subset of K,, for each n € N, the solution to Problem 1.1 
suggests that Kc has ‘zero length’, and is therefore ‘smaller’ than a 
1-dimensional set (such as a line segment). It is also ‘larger’ than a 
0-dimensional set (such as a point), since it contains infinitely many 
points. In Section 3, we give a definition of dimension that allows us to 
assign Kc a dimension between 0 and 1. 


Self-similarity 


In the construction of the middle-third Cantor set, the set K, is made up 
of two copies of Ko, each scaled by 4. 


0 1 Ko 
1 2 
0 3 3 1 
e — — o SK 
Si (Ko) S2(Ko) 
Figure 1.6 


Similarly, the set K consists of two copies of K,, each scaled by 3 — and 
in general, for each n € N, the set K,,4; consists of two copies of K,,, each 
scaled by $. 


The mappings taking K,, to these two smaller copies of itself are the 
functions 5), S2: R — R, defined by 


Si(z)= $2 and Sə(z) = 2(z 2). 


The mapping 5: scales the Cantor set by 3 and the mapping Sə scales the 
Cantor set by £ and translates the resulting set 5 to the right. 


Each of the mappings S: and Sy is a similarity. 


Definition 
A mapping S:R” — R” is a similarity if there is a c > 0 such that 


d™ (S(x), S(y)) = cd™ (x,y) for all x,y € R”. 


The constant c is the similarity ratio. 


Each of the functions Sı and Sz scales by 5 so has similarity ratio E Any 


translation, reflection or rotation has similarity ratio 1, because all the 
distances remain unchanged. 


A similarity from R” to R” has the form 


S(x) = cAx" +y, Here xT denotes the 
transpose of x. 


where A is a 2 x 2 orthogonal matrix, y is a translation vector, and c is mao taal AAT =I. 


the similarity ratio. In particular, if S involves an anticlockwise rotation 
by 6 about the origin, then 


cos@ —sinğ 
A= (oro m. 
Problem 1.2 


Write down the similarity ratio of each of the following mappings. 
(a) S:R — R defined by S(x) = $2 +3. 
(b) S:R” — R? defined by S((z, y)) = (4y, +(x + 3). 


For the similarities S) and S% used to define the Cantor set, each set K,, in 
the construction of Ke satisfies 


Kn = Si (Kn) U S2(Kn). 
Since Kc is a ‘limit’ of the sets K,,, we may expect that 
Ke = Si (Keo) U S»(Kc). 


Figure 1.7 


In Section 2, we show that this is indeed the case. We say that the 
middle-third Cantor set is self-similar. 


Definition 


A set A C R” is self-similar if there are similarities S;: R” — R” The set A consists of k copies 
with similarity ratios 0 < c; € 1, for 1 <i < k, such that of itself, each of which is the 
image of A under a similarity. 


A= Ù S;(A). 


The self-similarity of the middle-third Cantor set means that it is regular, 
with the same patterns (but smaller) appearing again and again the closer 
you look at the set. 


Most fractals have some degree of self-similarity. There are also many 
simple sets that are self-similar. 


Problem 1.3 


Show that the line segment [0, 1] is self-similar, by writing down two 
similarities S), S2: R — R, with similarity ratios 0 < cı < 1 and 0 € cz < 1, 
such that 


[0, 1] = Sı ([0, 1) U S2([0, 1). 


Not all simple sets are self-similar; for example, it can be shown that no 
circle is self-similar. 


Many other fractals can be obtained by a procedure similar to that used to 
obtain the middle-third Cantor set. We now ask you to investigate one of 


these. 
Problem 1.4 
Let Ko = [0,1]. Remove the second and fourth quarters of Ko to give a 
new set 
K, = 0,210 31. 
0 1 
0 i 3 i 


Figure 1.8 


For each n € N, apply this procedure to each closed line segment in K,, to 
give a new set K,41. 


(a) Draw the set Ko. 


(b) For each n € N, calculate the total length Ln of the line segments that 
form Kn; and find lim,_,.. Dn. 


(c) Write down similarities S:, 82:R — R such that 
Kasa = Si(Kn) U S2(Kn) for each n € N, 


and state their similarity ratios. 


1.2 The Sierpinski gasket 


Our next example of a fractal is the Sierpiriski gasket (Figure 1.9). 


Sierpiński gasket (0,0) 


Figure 1.9 
Figure 1.10 


This fractal is obtained by a recursive procedure. We begin (Figure 1.10) 
with an upright closed equilateral triangle Kg whose base is the line 
segment joining the points (0,0) and (1,0). 


We then remove an open equilateral triangle from Ko, leaving a set Kı 
made up of three closed equilateral triangles, each with height half that 
of Ko (Figure 1.11). 


(0,0) (1,0) (0, 0) 


Figure 1.11 Figure 1.12 


We apply this procedure to each of the three triangles in K, to give a new 


set Kə (Figure 1.12). 


We continue in this way, constructing a set K,, for each n € N. The set K,, 


is formed from 3” equilateral triangles, each with height 1/2” times the 


height of Ko. The Sierpinski gasket Kg is defined to be the intersection of 


the sets Kn, 
Ke = N Er: 


neN 


(1,0) 


Wacław Sierpiński 
(1882-1969) was one of the 
founders of the Polish school 
of mathematics, which 
focused on point-set topology, 
real analysis and logic. He 
published more than 600 
papers, and introduced a 
number of thought-provoking 
sets, including the ‘gasket’ 
that is named after him. 


(1,0) 
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Ko Kə 


Figure 1.13 


Each set K,, is closed and bounded, and hence compact. Since Ky+41 C Kn, 

for each n € N, the Sierpiński gasket Kg is the intersection of a nested 

sequence of non-empty compact sets, and is therefore non-empty and Unit C2, Theorem 3.10. 
compact. In fact, Kg contains the boundary of each of the 3” equilateral 

triangles forming Kn, for each n € N, since no boundary points are 

removed in the recursive procedure (Figure 1.13). 


Prolene ee ee 


For each n € N, calculate the total length of the boundaries of the 3” 
equilateral triangles that form K,. Deduce that the Sierpinski gasket Kg 
does not have finite length. 


We now ask you to show that Kg has ‘zero area’. This is more surprising, 
since each set K„ has positive area. 


Problem 1.6 


For each n € N, calculate the area of K,,. Deduce that the Sierpinski 
gasket has zero area. 


The Sierpiński gasket seems to be smaller than a 2-dimensional set (such 

as a rectangle), since it has zero area, and yet it seems to be larger than a We address this issue in 
1-dimensional set (such as a line segment), since it is bounded but does not Section 3. 

have finite length. 


Note that the Sierpiriski gasket appears to be self-similar — it appears to 
be made up of three copies of itself, each with height Z times the height of 
the whole gasket. 


Problem 1.7 


Let Ko and K, be the first two sets in the construction of the Sierpiński 
gasket. Write down three similarities S), S2, Ss: R? — R” such that 


Kı = S,(Ko) U S2(Ko) U S3(Ko), 


and state their similarity ratios. 


For three such similarities S1, Sə and $3, 
Kasa = Si(Kp) U S2(K,,) U Ss(Ka), 
for each n € N, and this suggests that 
Ke = S\(Ke) U S2(Ke) U S3(Ke). We justify this in Section 2. 


Many other fractals can be obtained by a procedure similar to that used to 
obtain the Sierpinski gasket. 
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Problem 1.8 


Let Ko be the closed square with corners at the points (0,0), (0,1), (1,0) 
and (1,1). Divide Ko into nine subsquares and remove all but the middle 
and corner closed subsquares to give a new set K4. 


(0, 1) (1,1) (0, 1) 


(0, 0) 


Figure 1.14 
For each n € N, apply this procedure to each of the closed squares in K,, 
to give a new set K,4,,. Let K denote the intersection of the sets Kn. 
(a) Draw the set Ko. 
(b) Show that K is non-empty and compact and has zero area. 
(c) Write down five similarities S), Sə, ..., S5: R” — R” such that 


5 
5 — U S,(K,) for each n € N, 


t=1 


and state their similarity ratios. 


1.3 The von Koch curve 


We conclude this section by returning to the von Koch snowflake that you The Swedish mathematician 
met in the Introduction. The snowflake is made up of three copies of the Helge von Koch (1870-1924) 


von Koch curve, as shown in Figure 1.15. described this curve in 1906, 
showing that no point on the 


curve has a tangent. 


von Koch curve 


Figure 1.15 
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Although the von Koch curve appears to be very intricate, it is obtained 
by a simple procedure. We begin with the line segment Ko = [0,1] x {0} 
(Figure 1.16). 


(0,0) (1,0) 


”——————— KO 
Figure 1.16 


We then remove the open middle-third of Ko and replace it with the other 
two sides of the equilateral triangle based on the missing segment. This 
gives a set K, (Figure 1.17). 


(0, 0) (1, 0) 
ky 


Figure 1.17 


We then apply this procedure to each of the four line segments of K, to 
give a new set K? (Figure 1.18). 


(0, 0) (1,0) 


Figure 1.18 


We continue in this way, constructing sets K, for each n € N. We wish to 
define the von Koch curve Ky to be the limit of the sets K, as n — oo. 


At this point it is not clear how to define the limit of the sets Kn as 

n — oo. In each of our previous examples, we had a nested sequence of 

compact sets, and so could define the limit set to be the intersection of 

these nested sets — this must be a non-empty compact set. In this case, 

the sets K,, are compact, but they are not nested, and it is not clear that a 

well-defined limit exists. In the next section we show 


that this limit does exist. 
Although it is not obvious how to define the limit of the sets Kn, we can ə 


identify certain points that must belong to the von Koch curve. For each 
n € N, the endpoints of each line segment in K,, are not removed by the 
subsequent stages of the construction, and so each of these endpoints 
belongs to Ky. 


Ko 
— | 
Ko 
l Ka 
Kv 
Figure 1.19 
Problem 1.9 


For each n € N, determine the length of each line segment that makes 
UD- Kir 


Using the fact that the length of the section of the von Koch curve lying 
between the two endpoints of one of these line segments cannot be less 
than the distance between the two endpoints, deduce that Ky does not 
have finite length. 


We have just seen that the von Koch curve is very different from most 
familiar curves. It lies within a bounded part of the plane, yet it is so 
‘wiggly’ that it does not have finite length. The ‘wiggly’ nature of the 
curve also means that no point on the curve has a tangent. It is thus 

difficult to describe the curve in terms of classical geometric shapes. 


For each n € N, the set K,,4; is made up of four copies of K,,, each scaled 
by 2. So 


Knsi = S:(KA) U Sə(K,) U Ss(Ka) U S4(Kn), 
where the mappings Sj, S2, Ss, S, can be described as in Figures 1.20-1.23. 


This is typical of fractals. 
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(0, 0) / \ (1, 0) 


Figure 1.20 S) scales by a factor of x. 


(0, 0) (1,0) 


Figure 1.21 Sz scales by a factor of 4, rotates anticlockwise by +7 about 
the point (0, 0), and translates by (4,0). 


3,0) 


Figure 1.22 Ss scales by a factor of 35 rotates clockvvise by ir about the 
point (0,0), and translates by (5, və) 


15 


(0, 0) (1,0) 


Figure 1.23 S4 scales by a factor of 2 and translates by (3, 0). 


This suggests that if Ky is the limit of the sets K,,, then 
Ky = S,(Ky) U S2(Ky) U S:(Kv) U $4(Ky). This is justified in Section 2. 
So the von Koch curve appears to be self-similar. 


You have now met some well-known fractals — the middle-third Cantor 
set, the Sierpinski gasket, and the von Koch curve. We will refer to these 
examples throughout the unit. 
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2 Using the Contraction 
Mapping Theorem 


In the previous section you met several examples of fractals, each of which 
appears to be self-similar. In other words, for each such fractal K, there 
appears to be a finite family of similarities, S), Sə, ..., Sk, such that 


k 
K = S,(K)US$)(K) U -U (K) = (J S:(K). 
tl 
Each fractal K is constructed by taking a compact starting set Ko and 


repeatedly applying the similarities $,,S2,..., Sk- 


In this section we use the Contraction Mapping Theorem to show that if 
we take any compact set Ko and any family of contraction mappings 

S1, Sə, ...,, Sk, then this recursive procedure defines a set K satisfying 

K = UĞ, S;(K). By looking at different families of contraction mappings, 
we can construct many different fractals. Note that all the similarities in 
Section 1 are in fact contraction mappings. 


2.1 The Hausdorff metric 


We begin by reminding you of the Contraction Mapping Theorem. 


The Contraction Mapping Theorem 


Let (X,d) be a complete metric space, and let T: X o X bea 
contraction mapping. Then there is a unique element zz € X such 
that 


T(zr) = TT. 
Moreover, for each x € X, the sequence of iterates 
x, 1 (a), T(x), F (2), 2. 


converges to this unique fixed point zz — that is, for any z € X, 


d(T" (x), rr) — 0 as n— oo. 


We shall use this result to generate a large class of fractals, each of which 
is the fixed point zz of a suitable contraction mapping T. We begin by 
defining a suitable metric space (X, d). 


In each of our earlier examples, we repeatedly applied mappings to a 
compact subset of R” (where m was 1 or 2). Since this process generated 
fractals that are also compact subsets of R”, it seems reasonable to take 
our set X to be a set whose members are compact subsets of R”. 


Unit C4, Theorem 3.2. 


Recall that the compact 
subsets of R” are those that 
are closed and bounded. 


Definition 
For each m € N, the set K(R”) is defined as follows: 


K(R”) = {K CR": K is non-empty and compact}. 


We are usually interested in the sets K(R) and K(R’). For example, the 
middle-third Cantor set is a set in K(R) that is generated by repeatedly 
applying mappings to sets in K(R), and the Sierpiński gasket is a set in 
K(R°) that is generated by repeatedly applying mappings to sets in K(R?). 
Problem 2.1 

Which of the following sets belong to K(R)? 

(a) (-1,1] (b) [0,2] (c) [0,œ0) (d) (1) (e) [0,2] N [4,6] 


In order to apply the Contraction Mapping Theorem, we need to define a 
metric on the set K(R”) — that is, a distance between any two sets in 
K(R”) for which the metric properties (M1)-(M3) are satisfied. We begin 
by considering the simpler problem of how to define the distance between a 
point in R” and a set K in K(R”). It seems reasonable to define this as 
follows. 


Definition 
Let x € R” and let K € K(R”), for some m € N. 


The Euclidean distance between the point x and the set K is 
d™ (x, K) = min(dU"(x,k) :k € K}. 


Remark 


This definition makes sense since the function d™ (x, k) is a 
continuous function of k on the compact set K. It follows from the 
General Extreme Value Theorem that there is a c € K such that 


d\™(x,c) < d™(x,k) for each k € K. 
So 
d™ (x, K) = d™ (x, e). 


For example, consider the point x = (3,0) and the set 
K = {(x,y) : |x| € 2, yl < 1}, which is a member of K(R?). 


Figure 2.1 


The closest point in K to the point (3,0) is the point (2,0), and so 
d® ((3,0), K) = d (3,0), (2,0)) = 1. 
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Each member of K(R”™) is 
itself a set. 


Unit A1, Worked problem 5.2. 
Unit C2, Theorem 4.3. 
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Problem 2.2 


Determine the following. 
(a) d(1,[2,3]) (b) d™ (1, [0, 2]) 


(c) d°)((0,3), {(a,y):a?+y? S13) (d) a((2,1), (3:9) : Iyl < 1) 


Note that d™ (x, K) = 0 precisely when there is a point c € K such that 
d™ (x,c) = 0 — that is, x = c. This gives the following result. 


Lemma 2.1 
Let x € R” and let K € K(R”), for some m € N. Then 


d’™ (x, K) = 0 if and only if x € K. 


The following lemma gives a useful property of dU”) for compact sets. 


Lemma 2.2 
Let x € R” and let J, K € K(R”), for some m € N. Let J C K; then 
d’™ (x, K) x d™ (x, J). 


Problem. 23... = — — — a a a a a 


Prove Lemma 2.2. 


Having established this definition of the distance from a point to a, 
compact set, we now extend it to the definition of the distance from one 
compact set to another as follows. 


Definition 
Let J, K € K(R”), for some m € N. The Euclidean distance 


between the set J and the set K is 
a") (J, K) = max{d™ (j, K) :j € J}. 


Remark 


We use ‘max’ here instead of ‘min’ as ‘min’ would give a distance of 
zero between the pair of sets shown in Figure 2.3. 


We want distinct sets to be a positive distance apart, otherwise we do 


not have a metric. J K 
This definition makes sense since the function d™ (j, K) is a continuous Rave 2.3 
function of j on the compact set J. It follows from the General Extreme In the Exercises, we ask you 


Value Theorem (Theorem 4.3 of Unit C2) that there is a d € J such that to prove that d™ (j, K) isa 
continuous function of j. 
d™(j, K) x de" (d, K) for each $ € J. 
So 
d\™ (J, K) = dd, K). 
Since there is a c € K such that d™ (d, K) = d™ (d,c), it follows that 
d’™ (J, K) = d™ (d,c). 
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In other words, the Euclidean distance between two non-empty compact 
sets J and K is realized by a pair of points from J and K. 


Worked problem 2.1 
Let 
J= 1(3, y) :İyl <1} and K = {(z,y): |z| < 2, yl < 1}. 
Determine d® (J, K) and d®)(K, J). 
Solution 
We begin by sketching the sets J and K. 


Figure 2.4 


The points in J are all at distance 1 from the set K; for example, 

d®)( J, K) = d)((3,0), K) = d®((3, 0), (2,0)) = 1. 
The points in K that are furthest from the set J are those on the left-hand 
edge of K. One such point is (—2,0), and so 


d® (K, J) ə dö)((—ə, 0), J) = d)((—2,0), (3, 0)) = 5. m 


Problem 2.4 
Let 

J={(z,y):0<2?+y?<1} and K = ((1,0)). 
Determine d®)(J, K) and d®(K, J). 


These examples show that the Euclidean distance from one non-empty 
compact set to another is not a metric, since the symmetry property (M2) 
is not satisfied. In fact (M1) is not satisfied either, as the first part of the You may suspect that we 


following problem shows. have chosen a poor definition 
of distance between compact 


7:1- — —,—. — — ——.—.. (65006yY0) ee oy 


how to rescue this definition. 
Let J, K € K(R”), for some m € N, and let J C K. 
(a) Show that d™ (J, K) = 0. 
(b) Show that d™ (L, J) x d™ (L, K), for each L € K(R”). 


We now show that the Euclidean distance does satisfy the Triangle 
Inequality — property (M3). This suggests that, by modifying the 
definition of this distance slightly, we may be able to obtain a definition of 
distance between two compact sets that is a metric, as we require. 


Lemma 2.3 : 
Let J, K, L € K(R”), for some m € N. Then 


d™ (J, L) x d™ (J, K) + d™ (K, L). 
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Proof We know that d‘” is a metric on R”. 
By (M3), for each $ € J, k € K, 1€ L, 
d™ (j,1) x d™ (j,k) + d™ (k, 1). 
Taking 1 € L such that d’™ (k,1) = d™ (k, L), we obtain 
d™) (§j,1) < d™ (j,k) + d™ (k, L). 
Taking k € K such that d™ (j,k) = d™ (j, K), we obtain 
d™(j,1) x d™ (j, K) + d™ (k, L). 
Since d™ (j, L) x d™(j,1) and d™ (k, L) < d™ (K, L), we have 
d™ (j, L) x d™ (j, K) + d™ (K, L). 
Finally, taking j € J such that d™ (j, L) = d™ (J, L), we obtain 
d™(J, L) x d™ (j, K) + d™ (K, L) 
x d™ (J, K) + d™ (K, L). a 
So the Euclidean distance from one compact set to another satisfies 
property (M3) of a metric space, but does not satisfy properties (M1) 


and (M2). In order to overcome this problem, we introduce the following 
definition of the distance between two compact sets. 


Definition 
Let J, K € K(R”), for some m € N. The Hausdorff distance dy 


between the sets J and K is 
dy(J, K) = max{d™ (J, K), d™ (K, J)}. 


For example, consider the sets 
J = {(3,y): ly] <1} and K= {(z,y): |z| < 2, yl < 1}. 


In Worked problem 2.1 we showed that d® (J, K) = 1 and d® (K, J) =5. 
So dy(J, K) = dy(K, J) = max{1,5} = 5. Figure 2.5 


Problem 2.6 
Let 

J ={(2,y):0<2?+y? <1} and K = {(1,0)}. 
Determine dy(J, K). 


The definition of Hausdorff distance clearly satisfies property (M2) of a 
metric space, and we now show that it is in fact a metric on K(R”). 


Theorem 2.4 


The Hausdorff distance, dy, is a metric on K(R”). 


Proof Recall that, if J and K belong to K(R”), then the Hausdorff 
distance between J and K is 


dy(J, K) = max{d (J, K), d°™ (K, J)}. 


We show that dy is a metric on K(R”) by showing that dy has the metric 
properties (M1)-(M3). 


(M1) Let J, K € K(R”). By the definition of dy it follows that 
dy(J,K) > 0 and dy(K, K) = 0. 


It remains only to show that if dy(J, K) = 0, then J = K. 
If dy(J, K) = 0, then both d™ (J, K) = 0 and d‘(K, J) = 0. Thus, 
d’™(j,K) =0 for each $ € J, 
and hence $ € K, by Lemma 2.1. So JC K. 
Similarly, K C J, and so J = K as required. 
Thus (M1) is satisfied. 
(M2) Let J, K € K(R”). By the definition, 
da (7, K) = dy(K, J), 
and so (M2) is satisfied. 
(M3) Let J, K,L € K(R”). By Lemma 2.3, 
d’™ (J, L) x d™ (J, K) + d™ (K, L) 
and 


(L, J) x (L, K) +d™(K, J). 


Since max{a + b,c + d} x max{a,d} + max{b, c}, for real numbers a, b, c,d, 


we obtain 
dy(J, L) = max{d™ (J, L), d™ (L, J)} 
x max{d™) (J, K) +d (K, L),d‘™ (L, K) + d™ (K, J)} 
x max{d (J, K), d™ (K, J)} + max{d (K, L), d'™ (L, K)} 
= dy(J, K) + du(K, L). 
Hence (M3) is satisfied. 


Since (M1)-(M3) are satisfied, dy is a metric on K(R”). m 


We now have a metric space (K(R”), dy). Before we can apply the 
Contraction Mapping Theorem, we need the following result. 


Theorem 2.5 


The metric space (K(R™), dy) is complete. 
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Recall that a metric space is 
complete if each Cauchy 
sequence is convergent. 

The proof of this theorem is 
long and complicated. We 
give it in Subsection 2.4 — 
for completeness! 
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2.2 Constructing contraction mappings 


We now have a complete metric space (K(R”), dy) to which we can- apply 
the Contraction Mapping Theorem. Our aim is to see how the methods we 
used in Section 1 to obtain examples of fractals can be described in terms 
of mappings on K(R”). 


In Section 1, we took families of similarities S,,S2,...,5, defined on R 
or R”, and repeatedly applied them to a given compact set Ko. So if 


and 
k 
ka= U S;(K,-1) for n> 2, 
i=l 
then our fractal set is the ‘limit’ of the sequence of compact sets (Kn). 
Now that we have a metric for the collections of compact subsets of R 


and R”, we know what the limit of a sequence of compact sets is — it is a 
compact set J for which 


dy(Kn, J) > 0 as n > oo. 


It remains for us to show that there is a limit for a sequence of sets Kn 
determined by similarities S), ..., Sx, and that this limit does not depend 
on our choice of starting set Ko. We use the Contraction Mapping 
Theorem for this. 


In order to apply the Contraction Mapping Theorem, we describe the 
construction process in terms of a single mapping from K(R) to K(R). So 
let us define the mapping S: K(R) — K(R) by 


S(K) = Sı(K) U S2(K)U ---U Sk(K) for each K € K(R). 
Then 
Ky, = S(Ky-1) for eachn € N. 


Problem 2.7 

Let S,, So: R — R be defined by 
Si(z)=42 and Sə(z) = 2(z +2): 

Let S be the mapping on K(R) defined by 
S(K) = Si(K) US2(K), 


for each K € K(R). Find the image of each of the following sets under S, 
and state whether the image belongs to K(R). 


(a) (0, 2) (b) [-2, 2] 


In the above problem, you should have found that each set is mapped by S 

to a set in K(R). In fact, any set in K(R) is mapped by S to another set in 

K(R), since both Sı and Sz are continuous and so map compact sets to Unit C2, Theorem 2.2. 
compact sets. Further, the union of two compact sets is also compact, and See the Exercises for Unit C2. 
so S is indeed a mapping from K(R) to itself. 


Similar arguments can be used to prove the following more general result. 


Proposition 2.6 


Let S1, Sz,..., Sk: R” — R” be (d&”), dv"))-continuous, and let S be 
defined by 


S(K) — ÙJ si(K) for each K € K(R”). 


Then S maps K(R”) to K(R”). 


Remark 


Note that each of the fractals in Section 1 is obtained by repeatedly 
applying mappings of the form described in Proposition 2.6. 


Finally, in order to apply the Contraction Mapping Theorem, we require a 
mapping from K(R”) to itself that is a contraction mapping. Recall that a 
contraction mapping is defined as follows. 


Definition 
Let (X,d) be a metric space. A function T: X — X is a contraction 
mapping if there is a real number 0 € A < 1 such that 

d(T(x),T(y)) x Ad(a,y) for all x,y € X. 


Any such real number A is a contraction ratio for T. 


Remark 


Note that any similarity with similarity ratio c < 1 is a contraction 
mapping on R” with contraction ratio c. In particular, all the 
similarities that are used to define fractals in Section 1 are 
contraction mappings. 


In general, suppose that S), Sə, ...., Sp: R” — R” are continuous functions 
and consider the mapping S: K(R”) — K(R”) defined by 


S(K) = Ü s(K) for each K € K(R”). 


We now show that if each of the functions S1, Sə,..., Sẹ is a contraction 
mapping on R”, then the function S is also a contraction mapping on 
K(R”). 


Proposition 2.7 


Let S1, Sə, ..., Sk: R” — R” be contraction mappings. Then the 
mapping S: K(R”) — K(R”) defined by 


S:(K) for each K € K(R”), 


is a contraction mapping with respect to the Hausdorff distance dy on 
K(R”): that is, there is a number A such that 0 < A < 1 and 


da (S(7), S(K)) < Adu(J, K), 
for all J, K € K(R”). 


See Unit C4, Section 3. 
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Proof Each of the mappings S1, Sə,..., S is a contraction mapping, and You may omit this proof on a 
so there are 0 < Ay, /z, ..., Ag € 1 such that first reading. 


d™ (S(x), Si(y)) < Xd (x,y), -1 <i <k, 
for all x,y € R”. 
Now let J, K € K(R”). We show that, for 1 < i € k, 
d™ ($,(J), S;(K)) < Md" (J, K). (2.1) 
Indeed, for each j € J, 
d™ (S,(j), Si(K)) = min d™ (S1), S:(k)) 
< min Ade") (j,k) = Ad (j, K). 
So 
d™ (Si(J), Si(K)) = max d")(S,(j), Si(K)) 
< max Mat") (j, K) = Ma (J, K). 
Thus (2.1) is true. 


Now 


k k 
LS), SK) = (U 30, U S) 


= max d™ (x Ù Si(K)) 


k 
xe; S) j 


=1 

k 

= max max d™ (x, U 
1<i<k x€Si(J) 


Since S,(K) € Sər S/(K) for i = 1,2,..., k, the result of Problem 2.5(b) 
implies that 


d™(S(J),S(K)) < max d™(S;(J), Si(K)). 
This estimate, together with inequality (2.1), implies that 
d™(S(J), S(K)) < max id (J, K) = (max A;)d™ (J, K). 
The same arguments show that 
d™(S(K), S(J)) < max Ad” (K, J) = (max d;)d™(K, J), 


and so 


da(S(7), S(K)) < (max ds) du(J, K). 


1<i<k 


But 0 < max;<i<; A; € 1, and so S is a contraction mapping on K(R”) 
with contraction ratio A = max;<j<x Ài- El 
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2.3 Iterated function schemes 


We have shown that, for a given family of contraction mappings 
S1, 52, ..., Sk: R” — R”, the mapping S: K(R”) — K(R”) defined by 
k 
S(K) =|] S:(K) for each K € K(R”), 

i=1 
is a contraction mapping with respect to the Hausdorff distance dy on 
K(R”). Since (K(R”), du) is a complete metric space, we can apply the 
Contraction Mapping Theorem to obtain the following important result. 


Theorem 2.8 


Let S1, 52,..., Sk: R” — R” be contraction mappings, and let the 
mapping S: K(R”) — K(R”) be defined by 


for each K € K(R”). 


Then there is a unique set Ks € K(R”) such that 
S(Ks) = Kg. 

Moreover, for each K € K(R”), the sequence of iterates 
i SCR) 5) SK), ca 

converges to Ks; that is, 


dy(S"(K), Ks) — Ü as n — oo. 


"This is our main result. 


Remark 
This result is important because for many families of contraction 
mappings 8), 5ş,..., Sk, the set Ks is a fractal. In fact, this result 
gives a simple method of constructing these fractals — we take a 
compact set and repeatedly apply the mapping S. This method of 
generating a fractal is called an iterated function scheme. 


Since 


k 
S(Ks) =U Si(Ks) = Ks, 
i=1 
we say that the set Ks is invariant for the contraction mappings 
Dp are Ok 


Definition 
A set A is invariant for the mappings S1, S2,..., Sp: R” — R” if 


Remark 


A self-similar set is just a set that is invariant for similarities 
Girons . = ORR T R”. 
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We now have a rigorous justification of the process that we used in 
Section 1 to generate fractals. 
The von Koch curve 
To construct the von Koch curve, we take the compact set Ko = [0,1] and 
repeatedly apply the mapping S: K(R”) — K(R”) given by 

S(K) = S,(K) U S2(K) US3(K)US,(K) for each K € K(R?), 
where the similarities S1, S2, Ss, S4: R” o R? are as follows. 


S, scales by a factor of 5. 


S2 scales by a factor of 1, rotates anticlockwise through sr about the point 
(0, 0), and translates by (4,0): 

S: scales by a factor of £, rotates clockwise by zr about the point (0, 0), 
and translates by (4, 33). 


S, scales by a factor of + and translates by (5, 0). 


A ə 
(0, 0) K (1,0) (0,0) S(K) (1,0) 
Figure 2.6 


We define the von Koch curve to be the limit of the curves K, = S”(Ko). 
In Section 1, we did not justify the existence of such a limit. Since each of 
the mappings S1, S2, S3, S, is a contraction mapping (each with contraction 
ratio 3h it now follows from Theorem 2.8 that such a limit does indeed 
exist. 


We also claimed in Section 1 that the von Koch curve Ky satisfies the 
following equation, and is therefore self-similar: 


Ky = Sı (Kv) U S2(Kv) U S3(Ky) U S4(Ky) = S(Kv), 


that is, Ky is invariant for S1, Sə, Ss, S4. This also follows from 
Theorem 2.8. 


Many other fractal curves can be constructed similarly, as Problem 2.8 
illustrates. 


Problem 2.8 
Let S1, Sə, Ss, $4, S5: R? — R” be similarities defined by 
Si(a,y) = (32, 3Y) » So(x,y) = (3(y + 1), 32) 


S(x,y) = (2(@+1),3(y+1)), Salz, y) (SÜ + 2), 32), 
S(x,y) = (3 (x + 2), 3¥) y 
Let 


5 
S(K) =(JSi(K) for each K € K(R’), 
i=1 


and let Ky = {(z,y):0< 2 <1,y=0}. 


ə 


(a) Sketch the sets S(Ko) and S?(Ko). 
(b) Determine the length of S"(Ko), for each n € N. 
(c) Determine whether limp—oo S”(Xo) exists. 


Cantor sets 


In Section 1, our first example of a fractal was the middle-third Cantor set. 
To construct it, we take the compact set Ko = [0,1] and repeatedly apply 
the mapping S: K(R) — K(R) defined by 


S(K) = Si(K) U S2(K), 
where 


Si(z)= $2 and Sə(r) = §(e+2). 


We define the middle-third Cantor set to be the intersection of the nested 
sequence of sets K,, = S"(Ko). Since each of the mappings S, and S) is a 
contraction mapping (with contraction ratio 3) it follows from 

Theorem 2.8 that the sets K,, converge to a unique limit set Ks (with 
respect to Hausdorff distance) as n — oo. It seems reasonable to expect 
that this limit set is the same as Kc, the middle-third Cantor set. The 
following lemma shows this to be the case. 


Lemma 2.9 


Let S1, S2,..., Sk: R” — R” be contraction mappings, and let 
S:K(R”) — K(R”) be the mapping defined by 


SKN = Ü S,(K) for each K € K(R”). 


— Let S(Ko) € Ko, for some Ko € K(R”): then 
() S"(Ko) = Ks, 


neN 
where Ks is the unique set in K(R”) such that S(Ks) = Ks. 


Proof For simplicity, let K, = S"(Ko) and J = Mhen Kn. Then, for each 
n € N, 


Kyi = S"** (Ko) = S"(S(Kə)) € S"(Ko) = Kn, 
and so the sets K,, are nested. 


To show that J = Ks, we show that both J — Ks and Ks — J are empty, 
and so J C Kg and Kg C J. 


First, suppose that J — Ks # Ø, and so there is an x € J — Kg. We use a proof by 
Then by Lemma 2.1 there is an £ > 0 such that səra 
d(x, Ks) =e. 
Since x € J, it follows that x € K,,, for each n € N, and so 
dy(Kn, Ks) > d™ (Kn, Ks) > d™ (x, Ks) =e. 
This contradicts Theorem 2.8, and so there is no x € J — Ks; thus J C Kg. 
Now suppose that Ks — J # Ø, and so there isan x € Ks — J. 
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Since x ¢ J, there is an N € N with x ¢ Ky. Hence by Lemma 2.1 there is 
an € > 0 such that 


d\™ (x, Ky) =e. 
Since the sets K,, are nested, we find that, for each n > N, 
dy(Kn, Ks) 2 d™” (Ks, Kn) 2 d™) (x, Ka) 
> dt/(x, Ky) by Lemma 2.2, 
— 
This contradicts Theorem 2.8, and so there is no x € Ks — J; thus Kg C J. 
Hence Ks = J, as required. m 
So, as we expected, the middle-third Cantor set Ko = (),cx Kn is the limit 
of the sets K„ = S"(Ko). It follows from Theorem 2.8 that the 


middle-third Cantor set Kc satisfies the following equation, and is 
therefore self-similar: 


Ke = S1 (Ko) U S2(Kc) = S(Ko). (2.2) 


In fact, Theorem 2.8 tells us that the middle-third Cantor set is the only 
set in K(R) that is invariant for S) and S2. This means that the 
middle-third Cantor set can be defined as the unique non-empty compact 
solution to (2.2). So this intricate set can be defined by a simple equation. 


Note that there are solutions to (2.2) that are not non-empty and 
compact, as the following problem illustrates. 


Problem 2.9 
Show that for K equal to any of the sets Ø, R and [0, oo), 
K = S,(K)US2(k), 
where S), S2: R — R are given by S;(x) = iz and S2(x) = (x + 2). 


3 


It follows from Theorem 2.8 that if we take Ko to be any non-empty 
compact subset of R, then the middle-third Cantor set is the limit of the 
sets K, = S"(Ko). Further, it follows from Lemma 2.9 that if S(Ko) C Ko, 
then the middle-third Cantor set is the intersection of the sets K,. 

Problem 2.10 


Let Ko be the middle-third Cantor set, and let S: K(R) — K(R) be the 
mapping defined by 


S(K) = S,(K)U S2(K), 
where S1, S2: R — R are given by 

Si(r) “ir and Sə(r)  2(z 2). 
Show that 


al S”(l0, 2)) = 
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Note that if Ko is not compact, then the sets K, = S"(Ko) do not 
necessarily converge to the middle-third Cantor set. For example, if 
Ko = (0, oo), then 


S(Ko) = Si (Ko) U Sə(Ko) — (0, oo) U [2, co) = [0, oo) — Ko, 
and so S"(Ko) = Ko, for each n € N. 


The Sierpinski gasket 
Our other main example of a fractal is the Sierpiński gasket. To construct 
it, we take Ko to be the equilateral triangle whose base is the line segment 
from (0,0) to (1,0), and repeatedly apply the mapping S: K(R?) o K(R”) 
given by 
S(K) = Sı(K) U S4(K)U S3(K), 
where the mappings S1, S2, S3: R? — R? are defined by 
Si(z,y) = (32, 5Y) » Sə(z,y) = (2(z + 1), 39), 
Ss(x,y) = (4(2z + 1), (2y + V3). 
We define the Sierpifiski gasket to be the intersection of the nested 


sequence of sets K, = S"(Ko). Since each of the mappings S1, S2 and S3 is 


a contraction mapping (with contraction ratio 2), it follows from 


Theorem 2.8 that the sets AK, converge to a unique limit set (with respect 
to Hausdorff distance) as n — oo. Since S(Ko) C Ko, it follows from 
Lemma 2.9 that this limit set is the Sierpinski gasket. 


We now know from Theorem 2.8 that the Sierpinski gasket can be 
obtained by repeatedly applying the mapping S to any non-empty 
compact subset of R”. Further, it follows from Theorem 2.8 that the 
Sierpiriski gasket can be defined to be the unique non-empty compact set 
that is invariant for S1, S2 and $3. 


In the next problem, we ask you to show how similarities can also be used 
to define simple sets. 


Problem 2.11 
Let S: (IR?) — K(R”) be defined by 

S(K) = S,(K) U $2(K), 
where S), Sə: R” — R” are given by 

Si(z,y) = (zr, zy) and S(x,y) =(5z +339 2). 
(a) Sketch the sets Ko = İ(z, y) :0 < x,y < 1} and K, = S(Ko). 
(b) Let Kn = S"(Ko), for each n € N. Verify that 

lim Ky = {(z,y):y = x,0 < £ < 1}. 
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2.4 Proof of Theorem 2.5 


We now prove that (K(R™), dy) is a complete metric space. Recall that a This proof will not be 
metric space (X,d) is complete if each Cauchy sequence in X converges to assessed. 

a point x € X. See Unit C4, Section 1. 
Let (Kn) be a Cauchy sequence in K(R”). Then K,, is a non-empty 

compact set for each n € N, and for each € > 0, there is an N € N such 

that 


dy(Kn, Ky) <e for all n,n’ 5 N. 


In order to show that (K(R”), dy) is complete, we find a non-empty 
compact set J with dy(K,, J) > 0 as n — oo. Since (Kn) is a Cauchy 
sequence, it is enough to find a convergent subsequence of (K,,). See Unit C4, Lemma 1.4. 


Since (K,,) is a Cauchy sequence, for each i € NU {0} there is an N(i) € N 
with N(i + 1) > N(i) such that 

dy (Kn, Kn’) < Gy for all n,n’ > N(i). (2.3) 
We show that (Kw ))iew is dy-convergent in K(R”). 
We start by finding a candidate for the limit of Ky (i) as i — oo. 
We consider the sets 


Ji = fx: d(x, Kno) < (G) 7} fori eN. 


Ji 


If x € Kyo), then it follows from Lemma 2.1 that d™ (x, Kno) = 0, and 
so x € J;. Thus, Kaç) C J; and hence, by Problem 2.5(a), 


d™) (Ky), Ji) = 0. (2.4) 
Notice also that 

a”) (J, Kyi) = max{d™ (x, Kn) :x € Ji} < (3), (2.5) du 
and so Figure 2.7 

“6 (2.6) 
Let 

EE” 

ieN 


This set is our candidate for the limit of the sequence (Ky (iy)ien- 

We show that 

(a) J € K(R”), 

(b) lim: du(K wii, J) = 0. 

Proof of (a) 

We start by noting that each of the sets J; is a non-empty compact set and We ask you to prove this in 


so belongs to K(R”). the Exercises. 
We now estimate the dU")-distance of Ji,; from Kyi. It follows from 
Lemma 2.3, (2.5) and (2.3) that When applying 
d™ za, Kua) x d™ (Jigs, Kniss) + dt” (Kniss, Kn) -. —--— 
x ey et L MEE FO N(i+1) > Nü) N(i—1). 
x. gi” = ay 3 m 
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Hence if x € Jj1, then d°” (x, Knæ) < 1/277?, this implies that x € Jj, 

and so 44: C J; for each ? € N. Thus J is the intersection of a nested 

sequence of non-empty compact sets and is therefore non-empty and 

compact. Unit C2, Theorem 3.10. 


Proof of (b) 
To prove (b) it is enough to show that 
dy(Ji, J) +0 as i — oo, (2.7) 
since (M3) for dy together with (2.6) implies that 
da(Kyo), J) S da(K no, Ji) + da(Ji, J) < (4)77 + dui, J), 
and so if da (7), J) o 0 as i — oo, then da (Kxçə, J) — 0 as i — oo. 


To show that (2.7) holds, we need show only that d™(J;, J) — 0 as 
i — oo, since J C J; for each i implies that d™ (J, J;) = 0 (by 
Problem 2.5(a)). 


Thus for each i € N, we need to find an upper estimate for 
der), J) = max{d\™) (x, 7) :x € Jj}. 
So we fix i € N and let x € Jj. 


We define a sequence of points (y;) jen as follows. Take 


25.52 


yə € 4.2 such that d™ (yi, yə) x W, 
and, more generally, for j > 2 choose 
i+j-3 
y; € Jişj such that d™ (y;-1,y;) < (4) — (2.8) 
This is possible since it follows from Lemma 2.3, (2.5), (2.3) and (2.4) that 
(Jigi, Sings) < d™ (Jing, King) + dt" (Kuari Kits) 
+d (Kyitj-1), Jitj-1) 
i+j—-2 i+j-2 i+j-3 
sy P 0 
It is easy to check that (y)) is a d™-Cauchy sequence in R”: for if 
n,n’ € N with n’ > n, then (M3) for dU”) together with (2.8) gives 
BY Yn) < (Yars Yaa) - d) (Fai Yaa) peek daii Yn) 
T ne ee FG 


x (3 


r”. əəə 


i+n—-1 
) — 0 asn — oo. 


Since (R”., dU")) is complete, the sequence has a limit y € R”. 


Moreover, since the sequence (y;) lies in the compact set Jj, its limit y is 
also in J;. For M € N, the subsequence (y;);> is a Cauchy sequence in 
the compact set Ji+m, and so the limit y must also be in Jj, ay. This is 
true for each M € N and so 


yc N Jim = J. 
MEN 
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Hence d™ (x, J) x d™ (x,y). By repeatedly using the Triangle Inequality 
and (2.8), we estimate that, for any N € N, 


d™ (x,y) < d™ (x, yi) + d (yi, ya) +- + d (yn, yn) Fay, y) 
1—2 i-1 i+N-3 sə: 
< (377 + (4) +--+ (07 + d™ (yw, y) 


x3.0)77” Fat (yy, y) 
2eN 


= (4) +d (yy,y). 
However, d™ (yn, y) — 0 as N — oo, and so 
a” (x,y) < (5) 
This implies that 
d'™ (x, J) x (2) 


Since this is true for any point x € Jj, it follows that 


i-3 
:—3 


1—3 


d™ (J.J) < (3), 
and so d’™(J;, J) + 0 as i — oo, as required. 


Since both (a) and (b) hold, (K(R”), dy) is a complete metric space. ız 


3 Dimensions of fractals 


In Section 1 you saw several examples of fractals, each of which is hard to 
describe in terms of classical geometry. For example, the von Koch curve 
seems to be ‘smaller’ than 2-dimensional sets such as rectangles (since it 
has zero area) and yet seems to be ‘larger’ than 1-dimensional sets such as 
line segments (since it is bounded but does not have finite length). 


We now introduce a way of defining dimension that allows the dimension 
of a set to be a non-integer number. This enables us to assign a dimension 
to the von Koch curve that is greater than 1 but less than 2. 


3.1 Box dimension 


There are many definitions of dimension that take non-integer values. Here 
we look at one of the most widely used — the bor dimension. We begin 
with an informal discussion of box dimension; for simplicity, we restrict our 
attention to subsets of the plane. 


Suppose that we wish to estimate the dimension of a bounded set A C R”. 
We begin by covering the plane with a grid made up of boxes of side d. We 
then count how many boxes in the grid intersect the set A. 


Figure 3.1 


We adopt the following notation. 


Definition 
Let d € (0,1). The grid G, is the set of all boxes of side d: 


Ga = {{nd, (n + 1)d] x İmd, (m + 1)d]: n,m € Z}. 


The number of (closed) boxes in Gg that intersect a set A is denoted 
by Na(A). 


For example, Figure 3.1 shows a set A that meets 12 boxes in the grid 
G12, so Ny /2(A) = 12. ; Figure 3.2 
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Problem 31-—— ıı avi Set 

Let A be a horizontal line segment of length 1. Calculate N: /,(.4) when This problem shows that 

(a) A= {(z,y):0<as1y=0}; uu. 
(b) A={(a,y)20< x 1, ge}; Na(A). 

(c) A={(z,y):-§ STS fy = k 

(d) A={(a,y):-} S X 20). 


Let A be a horizontal line segment of length / > 0. For d > 0, whatever the 
position of A relative to the grid Gy, we have 


2 

d’ 

since Figure 3.3 
Na(A) x (the side-length of each box in G4) > the length of A. 


The number N,(A) is highest when A is on one of the grid lines and has its 
endpoints at vertices of the grid (as in Problem 3.1(a)). 


(0 0) 


Na(A) x 


Figure 3.4 


In this case, N4(A) = 2 (4 + 2). So, if d < l, then 


sO 


Thus, although changing the position of the straight line A relative to the 
grid can change the value of Nq(A), it can change it by a factor of at 

most 6. Whatever the position of A, the number N4(A) ‘grows like’ 1/d for 
d<l. 


We now consider the case when A is a square of side l > 0 with sides 
parallel to the axes. Whatever the position of A, we have 


since 


Na(A) x (the area of each box in G4) > the area of A. 


Figure 3.5 
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The number N,(A) is highest when the edges of A are on the grid lines 
and have their endpoints at vertices of the grid. 


In this case, 


l l 
So, if d < l, then 


so Figure 3.6 


Hence, whatever the position of the square A relative to the grid, the 
number N,(A) ‘grows like” 1/d? for d < 1. 


For both these examples, provided d is sufficiently small, Na(A) ‘grows 
like’ 1/d*, where s is our intuitive idea of the dimension of the set A. This 
suggests that if we have any bounded set A for which Na(A) ‘grows like’ 
1/d", then we can define its dimension to be s. This gives a definition of 
dimension that can take non-integer values, but that agrees with our 
existing ideas of dimension for simple sets such as line segments and 
squares. 


We now formalize this idea. Suppose that there are numbers m and M 
such that 0 < m < M < oo and 


M 
ə Nee for0O<d<l. 
Taking logarithms, we obtain 
log m — slogd < log Na(A) < log M — slog d. These are natural logarithms 
to base e. 


Pinging By, 196 Gees obtain Here log d is negative, since 


log m log Na(A log M 0<d<il. 
— ss EO s Ete x 
Finally, taking the limit as d — 0, we have The limit exists, since m and 
oat log Na( A) M do not depend on d. 
d-0 — logd 


VVe novr give a formal definition of box dimension. 


Definition 
Let A be a bounded subset of R”. The box dimension of A is Box dimension is sometimes 
log N:(A referred to as boz-coumting 
dim A — lim og Nat ) dimension. 


d—0 —logd 


provided that this limit exists. 


Worked problem 3.1 


Determine the box dimension of the middle-third Cantor set Kc. 
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Solution 
Our objective is to find 
a log Na(Kc) ; 
d—0 log d 


For a given d > 0, we estimate N.(Kc) by comparing it with Nu(K,,), 
where n is chosen so that 37” is approximately equal to d; Figure 3.7 
shows G3-2 and Ko. 


: yY 


.- 
| joo] | | | | | | [ao] 7 


G3-2 


Figure 3.7 


We note first that, at the nth stage of the construction of Kc, the set K, We regard Kc as a subset of 
consists of 2” line segments each of length (+)". The set K„ contains Kc, the plane, by embedding it in 
and since the endpoints of the intervals making up K, are not removed in fhe z-axis. 

the construction, each of the 2” intervals of K,, contains a point of Kc. 


Let d < 1 and choose an n € N so that 
"əə s eD: 


We find an upper bound for Na(Kc) by observing that each of the 2” line 
segments making up K, intersects at most 6 boxes from G4, and so 


Na(Ke) € Na(Kn) < 6X 27 — 3 x2""1 since Ko C Ko. 


To find a lower bound for Na(Kc), we note that each interval in K,, 
contains a point of Kc, and each box in Gy can intersect at most two 
intervals in K,,, so 


Figure 3.8 We must count each 
box with an edge that meets Kn. 


- 


Na(Kc) x 


el 3 


Hence 


2— cu 


and so 
(n — 1) log 2 < log Na(Ko) < (n + 1) log 2 + log 3. (3.1) Figure 3.9 
Now, since 37” < d € F OD 
—nlog3 < logd < —(n — 1) log3, 
and so, for n > 2, 


1 Zz 1 - 1 
nlog3 7 —logd ` (n — 1)log3” 


Thus for n > 2 and 37” < d < 3701) we can combine these inequalities 
with (3.1) to obtain 


(n — 1)1og2 = log Na(Kc) | (n+1)log2+log3 
nlog3 ~— £—logd (n — 1) log3 
Now 
im (n — 1) log 2 = (- — a) log 2 x log 2 
n—oo m, log 3 n= if log 5 log Ə 
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and 


tim (n+ 1)log2+log3 _ lim fp log 2 m 1 l1og2 
nc (n — 1)1og3 m sə 


Since n — oo as d — 0, we deduce that 
$ -ao log Na(Kc) _ log2 

— i —logd logs 
Problem 3.2 
Let S: K(R) — K(R) be defined by 

S(K) = Sİ(K) U S2(K), 
where S)(z) = 2(z +1) and Sə(z) = 1(z +3). 
Let Ko = [0,1] and K, = S"(Ko), for each n € N. 


Determine dim Ks, where Ks = file Kn- 


3.2 The open set condition 


We have now found a way of defining the dimension of an intricate set. As 
you have seen, there may be many calculations involved in determining the 
dimension of a set. We now wish to calculate the dimensions of the fractals 
that we constructed in Section 2; each of these is the invariant set of a 


family of similarities S), 52,..., Sp. In this case, there is a simple formula 
for the dimension of the set, provided that the similarities satisfy a special 
condition. 


Definition 


The similarities S1, Sə, ..., S, satisfy the open set condition if there 
exists a non-empty bounded open set U such that 


k 
S(U)NS;(U) =Ø, for i # j, and İ )S/(U) CU. 


1 


Remark 


The open set condition is a ‘disjointness’ condition: it says that there 
is an open set U such that the images of U under distinct similarities 
are disjoint. 


Cantor set 


For example, consider the middle-third Cantor set, which is the invariant 
set of the similarities 


Si(r) “r and Sə(z) = 2(z 2). 


These tvvo similarities satisfy the open set condition, as you can see by 
taking U to be the open interval (0, 1): then S: (U) = (0, 1) and 
S2(U) = (5,1) so 


S,(U) N S&(U) = 2 
and 


S,(U) US2(U) = (0, 1) U (2,1) CU. 
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Problem 3.3 


Let S1, S2, S3: R? — R” be the similarities defined by: zl The invariant set of S), Sə, S3 


here is the Sierpiński gasket. 
Si(z, y) = (iz, ły) ’ 


Sə(z,v) = ($a + Dn iy), 
Sa(z,y) = (iz + }, dy 852). 
Show that S), S2 and S3 satisfy the open set condition. 


We now give the main result of this section. 


Theorem 3.1 


Let Kg be the invariant set of the similarities S1, Sə, ..., Sk, and let 
ci € (0,1) be the similarity ratio of S;, for 1 < ? < k. If S1, S2,..., Sk 
satisfy the open set condition, then 


dim Ks = s, 


where s is the solution of the equation Y$; ef = 1. 


Proof (sketch) The proof of this result is quite complicated, and so we This proof is not assessed. 
just outline some of the ideas that are involved. 


In particular, we indicate why the box dimension of Ks, if it exists, must 
be the real number s that satisfies 


Gtt +qQ=1. 
To reduce writing, we suppose that we have only two similarities 
9), Sə: R? — R”, with similarity ratios cı and cə, respectively. 
Since Ks is the invariant set of the similarities, we know that 
Ks = Sı(Ks) U Sə(Ks). 


The key observation underlying the proof is that each S,(XKs) is just a 
copy of the set Ks scaled by a factor c;, and so there should be a 
relationship between the number of boxes of side r > 0 that intersect Ks, 
and the number of boxes of side c;r that intersect S;(Ks). 


If we look at a grid G, and its image under a similarity S;, then we obtain a 
grid of boxes of side-length c;r. Hence, if N,((Xs) boxes from G, meet Ks, 
then the same number of boxes from the transformed grid meet S;(Ks3). 
We would like to conclude that N,,,(S;(Ks)) = N,(Ks), but unfortunately, 
the image of a box from G, may not be a box from the grid G,,, (as 
indicated in Figure 3.10), and so the equality need not hold. However, it is 
possible to show that there are real numbers 0 € a < 1 < b so that, for any 
non-empty compact set K and similarity S with similarity ratio c, 


aN,(K) € N..(S(K)) € bN,(K). (3.2) 
Now 
Ks = Sı (Ks) U S2(Ks), 


and if we assume that this union is disjoint, then there is a 6 > 0 such that 
for all x € S,(Ks) and y € S5(Ks), 


d? (x,y) x ô. 
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Figure 3.10 
Hence if d > 0 is small enough, then a box in Ga(Ks) can only intersect at 
most one of the sets Sı(Ks) and S2(Ks), and so In the full proof, the open set 
N,(Ks) = Na($i(Ks)) + Na(Sel(Ks)) (5007717710 


Thus, by using (3.2) with K = Ks, S = S; and r = d/c; for i = 1,2, we find öh equation similar to (3.3) is 
a( Nae, (Ks) + Najco(Ks)) s Na(Ks) < b(Na/, (Ks) + Na/e(Ks)). 


If we now suppose that s = dim Ks exists, and in particular that there is a 
positive number m, such that 


d 
then we deduce that, for sufficiently small d > 0, 


amd (ci +. c,) x md”” x bmd™ (ci +c). 


Na(K,) =m (5) for0<d<1, (3.4) 


Hence 
a (ci +c) x 1: b(ci +6). 


Now consider the similarities S; o S; for i, j = 1,2. The similarity S, o S) The composition of two 
has similarity ratio c;c;, and similarities is a similarity 
whose similarity ratio is the 


2 product of the original ratios. 


Ks = (J (Sio S;)(Ks). 


i,j=1 
Hence, by repeating the preceding argument for the four similarities 
Si o Si, Si o Sə, So o Si, So o So, we find 


a((cici)" + (cre2)® + (c2er)* + (c2e2)*) < 1 < b((cre1)* + (c1c2)° + (C2er)* + (eəcə)"). 
But 

(cıci)” + (cicə)” + (c2e1)* + (C2e2)* = (ci + 3)’, 
and so 

a (€? +c)? x 1 b(ef 4-.c$)”. 


Similarly, for each n € N, by considering the similarities S,, o S), o -. - o S, 
for 1 € öz, 02,...,2, < 2, we find that 


a (ci tE x 1 € b(ci +c)”. 
Thus 
1/) < (å +)" x 1/a for each n EN. 
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This is possible only if 
cr als 
as claimed. 


The complete argument to show that the box dimension exists is based on 
similar ideas but requires more work — we omit the details. a 


Worked problem 3.2 
Let Ko and K, be as shown below. 


= 8 


(0,1) 


(0,0) (1,0) (0,0) 


Ko Kı 
Figure 3.11 


(a) Determine similarities S1, S2, Sş, S, such that Kı = ər S;(Ko). 
(b) Let Kn+ı = d= Si(Kn), for each n € N. Sketch the set Ko. 


(c) Show that K = lim, x Kn exists and is the invariant set of 
Si, So, S3, S4. 


(d) Show that S1, S2, S3, S, satisfy the open set condition. 
(e) Determine dim K. 


Solution 


(a) A natural choice of similarities is 

Si(x,y) = (52, zy), So(x,y) = (4 

Si(z,y)— (iz).  Sa(z,y) = (Ga, gy mi). 
(b) 


a E 

@ = 

E E 

æ a E 
A, E MH. 


Figure 3.12 


(c) Let S:K(R”) — K(R”) be defined by 


(e 


> tees 


— 


4 
S(K) = I )S/(K). 
i=1 
Then K,,41 = S(K,), and hence K, = S”(Ko) for each n € N. Since 
Ko is non-empty and compact, it follows from Theorem 2.8 that 
K = lim,.~ S” (Ko) exists and is the invariant set of S), S2, Ss, S4. 


The following diagram shows that S), S2, Sə, S, satisfy the open set 
condition. : 


(1,1) S4(U) 


Figure 3.13 


It follows from parts (c) and (d) that the conditions of Theorem 3.1 
are satisfied. Since S, has similarity ratio 2 and each of the similarities 
Sə, 53 and 5, has similarity ratio 1, the box dimension of K is the 
number s for which 


CES E 
By substituting x = (2)”, we obtain 
+32? =1, 
which has solutions z = 4(—1 + v13) and z = 1(—1 — V13). 
But x must be positive, and so 
(3) = 1(-1--V13). 
Thus 


— log 4(—1+ v13) — log6 — log(-1+ v13) 
— log 2 log 2 
pes E IS BERE E 


dim kK = s 


The formula for the dimension of a set satisfying the hypotheses of 
Theorem 3.1 is particularly simple when all the similarities involved have 
the same similarity ratio — this is the case for each of the fractals in 
Section 1. For suppose that Ks is the invariant set of the similarities 

Si, 52, ...,, Sk, each with similarity ratio c € (0,1), and that 51, Sş,..., Sk 
satisfy the open set condition. It follows from Theorem 3.1 that 

dim Ks = s, where s satisfies 


sO 


k 
ə skee 
įi=1 


5—€ 
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Taking logarithms, we obtain 
log k = —s loge, 
that is, 
_ logk 
-logc 


We have proved the following result. 


Theorem 3.2 


Let Ks be the invariant set of the similarities S), Sə, ..., Sk, each with 
similarity ratio c € (0, 1). If S1, Sə,...., 5, satisfy the open set 
condition, then 


l 
ne 


— logc 


This theorem gives a simple way of calculating the box dimension of a 
large class of fractals. 


Sierpiński gasket 

The Sierpiński gasket Kg is the invariant set of the similarities See Problem 1.7. 
Si(z,y) = (52, 39) > So(x,y) = (iz + 4, ły), 
0.02. 

In Problem 3.3 you showed that S), Sə and Ss satisfy the open set 


condition. Since each of these similarities has similarity ratio 2 it follows 
from Theorem 3.2 that 


000000 0... 


-— -logi log2 


So the dimension of the Sierpiński gasket lies between 1 and 2, as we 
predicted. 


von Koch curve 
The von Koch curve Ky is the invariant set of four similarities. 
S) scales by a factor of 3. 


Sə scales by a factor of i, rotates anticlockwise by 37 about (0,0) and 
translates by (3,0). 


S3 scales by a factor of 5 rotates clockwise by ir about the point (0,0), 


and translates by (1, 33). 


S, scales by a factor of 4 and translates by (3,0). 
Figure 3.14 shows that these similarities satisfy the open set condition. Here, U is the interior of the 


triangle based on (0, 1] with 
height va, 


(0, 0) (1,0) (0, 0) (1,0) 


Figure 3.14 


Since each of these four similarities has similarity ratio 5 it follows from 
Theorem 3.2 that 


5:0... 


dim Ky = = 
— —log: log3 


Thus the dimension of the von Koch curve lies betvveen 1 and 2, as vve 
expected. 


So, the three examples of fractals that you met in Section 1 — the 
middle-third Cantor set, the Sierpiński gasket and the von Koch curve — 
all satisfy the conditions of Theorem 3.2 and their dimensions can be 
calculated easily. 


We now look at some other examples of fractals for which this is true. 


VVorked problem 3.3 


Let Ko and K, be the curves shown below. 


(0, 0) Ko (1,0) 


(0, 0) (1,0) 


Figure 3.15 


(a) Determine similarities S), Sş, ...., S, such that Kı = UŽ; S;(Ko). 

(b) Let Kayı = Uk, Si(Kn), for each n € N. Sketch the set Ko. 

(c) Show that K = lim, _,.. Kn exists and is the invariant set of 

Sə. ə 5. 

(d) Show that S1, S2,..., S5 satisfy the open set condition. 

(e) Determine dim K. 

Solution 

(a) A natural choice of similarities is 
Si(x,y) = (iz, —}y), S(x,y) = (-ły + 4,32), 
Salz, y) = (32+ 5:59 + 5), Salvi) = (Gy+3,-52 + $), 
Ss(2,4) = (be + 2,—30) 
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(0, 0) (3,0) (3,0) (1,0) 


Figure 3.16 
(c) Let S:K(R”) — K(R”) be defined by 


S(K) = U SİK). 


i=1 


Then K,4; = S(Kn), and hence KL, = 9” (Ko) for each n € N. Since 
Ko is non-empty and compact, it follows from Theorem 2.8 that 


K = lim, S” (Ko) exists and is the invariant set of S), 52, ..., 55. 
(d) The following diagram shows that S), 52, ..., Ss satisfy the open set 
condition. 


S 


-——— x 


(0, 0) (1,0) (0, 0) (1,0) 


Figure 3.17 


(e) It follows from parts (c) and (d) that the conditions of Theorem 3.2 
are satisfied. Since each of the similarities S), Sə, ... , 55 has similarity 
ratio 4, we have 

log5 _ logš 


LE a 


= -logi log3 


Problem 3.4 


Let Ko and K, be the sets shown below. 


(1,1) — m. 
(1,5) 


= m. 
(0, 0) (550) (5:0) (1,0) 


ky 


(0, 0) 


Figure 3.18 


(a) Determine similarities S), S2, 83, S, such that K, = uk. S;(Ko). 

(b) Let Kya = uz. S;(K,), for each n € N. Sketch the set Ko. 

(c) Show that K = lim, Kn exists and is the invariant set of 
194;9950935004- 

(d) Show that S1, S2, Ss, S, satisfy the open set condition. 

(e) Determine dim K. 
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Conclusion 


In this unit, we have seen how general results concerning topological 
spaces can be used to great effect in the study of fractals. In particular, 
given a family of similarities S,,S2,...,5,%, we have seen how the 
Contraction Mapping Theorem enables us to construct a non-empty 
compact set that is invariant for these similarities. Many sets constructed 
in this way are fractals, and a good estimate of their size can be obtained 
by using the formula given in Theorem 3.1. 


This is also the last unit of the course, and we hope that it has given you a 
flavour of how topological ideas and results can be applied to study other 
areas of mathematics. 


We have travelled a long way from our initial study of continuous functions 
on the real line, and have gained a deeper understanding of the role that 
topology plays in modern mathematics. Topology is a vital part of every 
pure mathematician’s toolkit. 


Solutions to problems 


1.1 The set K,, consists of 2” line segments, each of 
length +. Their total length is Ln = 3; = (2)", and 
Hm 0 — 0, 


1.2 (a) S has similarity ratio 5. 


Beane “al 
(b) S has similarity ratio 3- 


1.3 There are many possibilities; for example, the 
similarities 

Si(z) “ör and Sə(z) — 2(r--1) 
have similarity ratio 4 and 

Sı ([0, 1) U S2([0, 1) = [0, 3] U IZ, 1) a (0, 1). 


1.4 (a) The set K2 is shown below. 


Kə 


(b) The set Kn consists of 2” line segments, each of 
length (1)”. So the length of Ky is Ln = 22 = (1)”, 
and lim, Sa: bes 0: 
(c) A natural choice of similarities is 

Si(t)= 42 and So(r)=Fa+5, 


and each has similarity ratio 2. 


1.5 Each of the 3” triangles that form Kn has sides 
of length (2)”, so each of these triangles has boundary 
length 3(1)”. It follows that the total length of their 
boundaries is 3” x # = 3(3)”. 

The boundary of each triangle belongs to the 
Sierpinski gasket, and so the length of the Sierpinski 
gasket is at least 3 (3)” for each n € N. Since (3 (3)”) 
is a divergent sequence, the Sierpinski gasket does not 
have finite length. 


1.6 The set Kn consists of 3” triangles, each of area 


1005 3 x 


27 On 
So the area of Kn is sə — v3(3y", Since Ke C Kn, 
the area of Kg is at most 3.3)” for each n € N. 
Since limp—oo vö (3)” = 0, the Sierpiński gasket has 
zero area. 


gn zə 4n+1 . 


1.7 A natural choice of similarities is 
Sı(z,v) = (2, sy) , 
Sə(z,v) = (iz F 2 ły) 2 
Se(w,y) = (dec biya 38), 


and they each have similarity ratio 2. 
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1.8 (a) The set Kə is shown below. 


(1,1) 


-— 
ələl 


(0, 0) Ka 


(b) Each set K, is a finite union of closed bounded 
squares, and so is non-empty and compact. Since 
Kn+4i C Kn, the set K is the intersection of a nested 
sequence of non-empty compact sets, and so is 
non-empty and compact. 


The set Kn consists of 5” closed squares, each with 
sides of length (4)” and area (4)”, so the total area of 


Kn is (2)”. Since K C Kn, the area of K is at most 
n 


(3)” for each n € N. Since limn—oo (6)” — 0, K has 
zero area. 


(c) A natural choice of similarities is 
Si(z,y) = (32, 34); 
So(x,y) = (30 + 5, 39). 
Ss(x,y) = (32, 39 + 3), 
Sa(a,y) = ($2 + 2, hy +2 
Ss(z,y) = (32+ 3,39 +3 

and each has similarity ratio 


s 


1.9 The set K; consists of four line segments of 
length 3 When constructing Kn, each line segment in 
Kn- is replaced by four line segments each of i of the 
length. So Kn is a connected curve consisting of 4” 
line segments each of length (3)”. Using the method 
given in the question, we conclude that Ky has length 
at least (4)”, for each n € N. Since ((4)") isa 
divergent sequence, Ky does not have finite length. 


2.1 (a) (—1,1] is not closed and so is not compact 
— so it does not belong to K(R). 


(b) 10,2) € K(R). 


(c) 10, co) is not bounded and so is not compact — so 
it does not belong to K(R). 


(da) (1) € KİR). 
(e) 10, 21 N [4,6] = Ø £ K(R). 
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2.2 (a) 
if 2 3 


d (1, 2, 3]) = d™ (1,2) =1. 
(b) 


d (1, (0, 2]) = d™ (1,1) = 0. 
(c) 


d) (0,3), {(2,y) : 2? + y? < 1}) 
= d(2((0, 3), (0, 1)) = 2. 
(d) 


ad) (2, 1), {(3, y) : ly| = 1}) = döl, Di (3, 1)) =1. 


23 Let JC K. Then 
d’™ (x, K) = min(dU" (x, k) :k € K} 
x min{d'™ (x,k):k € JAK} 
= min{d(™) (x,k) :k € J} = d™ (x, J). 


2.4 We begin by sketching the sets J and K. 


The point in J that is furthest from K is (—1,0), so 
d) (J, K) = d)((-1,0), K) 
= d)((-1,0), (1,0)) = 2. 
There is only one point in K, so 
d)(K, J) = d)((1,0), J) = d®((1,0), (1,0)) = 0. 


2.5 (a) d™(J,K) = max(dU" (x, K):x € J} 
x max{d™ (x, J) :x € J}, 
by Lemma 2.2, since J C K. 
By Lemma 2.1, d™ (x, J) = 0 if x € J, and so 
di"), K) =0. 
(b) dU”)(L, K) = max{d(™ (x, K):x € L} 
x max{d™ (x, J) :x € L}, by Lemma 2.2 
= d™ (L, J). 
2.6 The solution to Problem 2.4 shows that 
d?) (J, K) = 2 and dÜÖ(K, J) = 0. So 
dy(J, K) = max{2, 0} = 2. 
2.7 (a) S([0,2]) = $1([0, 2]) U S2([0, 21) 
= (0, 31015, 3] = [0.3]. 
This set belongs to K(R). 
(b) S([-2, 2]) = 51([-2, 2]) U S2([-2, 21) 
-I-2.3100. 1 = 1-3,4 


3? 3)" 
This set belongs to K(R). 


2.8 (a) 


S(Ko) 


(0, 0) (1,0) 


(0,0) (1,0) 


S? (Ko) 


(b) Let Kn = S"(Ko), for each n € N. 

The set Kı consists of five line segments each of 
length 5 and Kə consists of 25 line segments each of 
length (4). In constructing Kn, each line segment of 
Ka, is replaced by five line segments of one-third the 
length, so Kn consists of 5” line segments of length Pa 
and so has length (8)”. 


(c) Since Ko € K(R?), and S is a contraction 
mapping with contraction ratio 5 it follows from 
Theorem 2.8 that there is a unique set Ks € K(R”) 
such that Ks = lim, cc 8” (Ko). 


(This set satisfies 
5 
Ks = S(Ks) = |] Si(Ks) 
i=1 


and so is self-similar.) 


2.9 S;(@) = So(@) = 6, and so Sı (Ø) U S2(Ø) = Ø. 
Si (R) = S2(R) = R, and so S:(R) U S2(R) = R. 

Sı ([0, œ0)) = 10, 00) and $2([0, 00)) = ($, oo) and so 

Sı ([0, 00)) U S2([0, co)) ə [0, oo). 


2.10 The set [0,2] is closed and bounded, and hence 
is in K(R). Also, 

5((0,2)) = (0, 210 2, $] = [0, 4] € 0,21. 
It follovs from Theorem 2.8 and Lemma 2.9 that 
Anew 8” ([0, 2]) is the unique set in K(R) that is 
invariant for Sı and S2. Thus (pen 5” (İ0, 21) = Ke. 


2.11 
(a) En 
(0, 0) 
(1,1) 
(0, 0) 


(b) It follows from Theorem 2.8 that limp—oo Kn is 
the unique set in K(R”) that is invariant for S. Now if 
K= (ay) —, ÜS Zİ) then 
S(K’) = Si (K’) U Sə(K”) 
= {(x,y):y =x, 0< 
U{(z,y):y=2, 
=K. 
Thus K’ is invariant for S. 
Since K’ € K(R?), we deduce that K’ = limp—.oo Kn. 


3.1 


(a) 


sə 
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3.2 We follow the technique described in Worked 
problem 3.1. 
Our objective is to find 

lim log Na(Ks) Na(Ks) 3 

d—0 —logd 
For a given d > 0, we estimate Na(Ks) by comparing 
it with Na(Kn), where n is chosen so that 4~” is 
approximately equal to d. 


We note first that, at the nth stage of the construction 
of Ks, the set Kn consists of 2” line segments each of 
length (1)”. The set Kn contains Ks, and since the 
endpoints of the intervals making up Kn are not 
removed in the construction, each of the 2” intervals 
of Kn contains a point of Ks. 
Let d < 1 and choose an n € N so that 

4 ogee T} 
We find an upper bound for Na(Ks) by observing that 
each of the 2” line segments making up Kn intersects 
at most six boxes from Gq, and so, since Ks C Kn, 


Na(Ks) x Na(Kn) <6 x 27 =3 x "11 
To find a lower bound for Na(Ks), we notice that each 
interval in Kn contains a point of Ks, and each box in 
Ga can intersect at most two intervals in Kn, so 

Na(Ks) > = = 2". 
Hence 

Pl < Niele 
and so 

(n — 1) log2 < log Na(Kc) 

< (n + 1) log2 + log3. (S.1) 

Now, since 47” < d < 470-0, 

—n log 4 < logd < —(n — 1) log 4, 
and so, for n > 2, 

—..5—. 

nlog4 7 —logd ` (n—1)log4 
Thus, for n > 2 and 47” < d < 47071) we can 
combine these inequalities with (S.1) to obtain 


(n — 1)1og2 = log Na(Ks) " (n + 1)1og 2 + 1og3 
nlog 4 —logd (n—1)log4 ` 
Now 
. (n — 1)1og2 : 1 — (1/n) \ log2 
ə nlog4 jim, ( 1 ) log 4 
_ log2_ 1 
“ae a 
and 


= (n + 1) log 2 + log3 
n=>œ (n — 1) log4 


: 14+(1/n)\ log2 . 1 log 3 
əsi a 1 ək 
sia, (Fe Meio ae n—1/ log4 
_ dog2 1 
bg 2 
Since n — oo as d — 0, we deduce 
: ae log Na(Kc) _ 1 
mə5— oe 


3.3 We take U to be the interior of the equilateral 
triangle based on the line segment joining (0,1) to 
(1,0), as shown below. 


(3, 8) 


(0, 0) s (1,0) 


(0,0) S:(U) Sə(U) (1,0) 


From the figure, we see that the sets S) (U), S2(U) and 
S3(U) are disjoint and Si(U) U Sə(U) U S3(U) E 


and so the open set condition is satisfied. 


3.4 (a) A natural choice of similarities is 


Si(z,y) = ($239), 
Sə(z, y) = ($(e@ +4), 59), 
S3(a,y) = ($2, 3(y+4)), 
Sa(z,y) = ($(@ +4), 5(y+4))- 
(b) . 
" n u mÜ:1) 
| E a E 
E uE um 
(0,0) E m m 


(c) Let S:K(R?) — K(R?) be defined by 
4 
S(K) = [J S:(K). 
t=1 


Then Kn+1 = S(Ka), and hence S, = S”(Ko) for each 
n € N. Since Ko is non-empty and compact, it follows 
from Theorem 2.8 that K = limp—=o S"(Ko) exists 
and is the invariant set of S), S2, Sa, S4. 

(d) The diagram below shows that S1, Sə, S3, S, 
satisfy the open set condition. 


(1,1) 


oo Bill 


S:(U) Sə(U) 


(e) It follows from parts (c) and (d) that the 
conditions of Theorem 3.2 are satisfied. Since each of 
the similarities S), Sə, Ss, S4 has similarity ratio , 
we have 
log 4 log 4 
dh... 


—logl log5” 
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